Given a compact p-adic Lie group G over a finite Galois extension
Introduction and main results
Recently, a systematic framework to study continuous representations of p-adic Lie groups was developed, mainly by , [S] ). Given a compact p-adic Lie group G there is a functorial link between Banach space G-representations and locally analytic G-representations. The functor is given by sending a Banach space representation V to its subspace of analytic vectors (v ∈ V is an analytic vector if its orbit map G → V is locally analytic). If the base field is Q p the functor is well-understood: it descends to an exact and faithful functor F Qp , nonzero on objects, between the abelian subcategories of admissible representations. It is natural to ask how this fact generalizes to arbitrary base fields.
The present note * is motivated by this question. Simple examples show that the naive analogue F L is neither exact nor nonzero on objects. The reason, as we believe, is that for L = Q p there are several notions of local L-analyticity each depending on a choice of embedding the base field L into the coefficient field K. To remedy this we consider all notions "simultaneously". To do this, however, we have to assume that L/Q p is Galois. In this case, denoting by G σ the scalar restriction of G via σ ∈ Gal(L/Q p ) and by D c (G, K) resp. D(G, K) the continuous resp. locally analytic K-valued distributions on G (where L ⊆ K is a finite extension) we construct a natural algebra map
and prove (Thm. 5.5) that it is faithfully flat. Given V ∈ Ban adm G (K) we introduce the subspace V σ−an of σ-analytic vectors whose formation is functorial in V . Denoting by Ban adm G (K) resp. Rep a K (G) the abelian categories of admissible Banach space resp. locally analytic representations of G over K we construct a functor Ban
with the following properties (Thm. 5.6): it is exact and faithful and coincides with F Qp in case L = Q p . Given V ∈ Ban adm G (K) the representation F (V ) is strongly admissible. Viewed as a G σ −1 -representation F L (V ) contains V σ−an as a closed subrepresentation and functorial in V .
These results generalize two main theorems of Schneider and Teitelbaum (cf. [S] , Thm. 4.2/3).
In the general situation (L/Q p not necessarily Galois) we are left with the functor F L which is interesting in its own right. For an arbitrary Lie group G (not necessarily compact) we study the functor "passage to L-analytic vectors" 
Finally, we study the interaction of the functors T i with locally analytic induction. Let P ⊆ G be a closed subgroup (with a mild condition on P which is automatic if G is compact). For all i ≥ 0 we obtain (Thm. 8.4)
as functors on finite dimensional locally Q p -analytic P -representations W . In particular, the locally L-analytic P -representation T i W is always finite dimensional. In case that G equals the L-points of a quasi-split connected reductive group we deduce from this an explicit formula for the higher analytic vectors in principal series representations of G.
Throughout this work let |.| be the p-adic absolute value of C p normalized by |p| = p −1 . Let Q p ⊆ L ⊆ K ⊆ C p be complete intermediate fields with respect to |.| where L/Q p is a finite extension of degree n and K is discretely valued. Let o ⊆ L be the valuation ring. G always denotes a locally L-analytic group with Lie algebra g. Their restriction of scalars to Q p are denoted by G 0 and g 0 . For any field F denote by V ec F the category of vector spaces. For any ring R denote by M(R) the category of right modules. Let κ = 1 resp. 2 if p is odd resp. even. We refer to [NVA] for all notions from non-archimedean functional analysis.
Fréchet-Stein algebras
In this section we recall and discuss two classes of Fréchet-Stein algebras namely distribution algebras and hyperenveloping algebras. For a detailed account on abstract Fréchet-Stein algebras as well as distribution algebras as their first examples we refer to [ST5] . For all basic theory on uniform pro-p groups we refer to [DDMS] . If not specified all indices r are supposed to satisfy r ∈ p Q and p −1 < r < 1.
A (two-sided) K-Fréchet algebra A is called Fréchet-Stein if there is a sequence q 1 ≤ q 2 ≤ ... of algebra norms on A defining its Fréchet topology and such that for all m ∈ N the completion A m of A with respect to q m is a noetherian K-Banach algebra and a flat A m+1 -module via the natural map A m+1 → A m .
This is [ST5] , Thm. 5.1. We recall the construction: choose a normal open subgroup H 0 ⊆ G 0 which is a uniform pro-p group. Choose a minimal set of ordered generators h 1 , ...,
for the locally convex spaces of K-valued locally analytic functions. In this isomorphism the right-hand side is a space of classical Mahler series and the dual isomorphism
as a space of noncommutative power series. More precisely, putting
with d α ∈ K such that the set {|d α |r κ|α| } α is bounded for all 0 < r < 1. The family of norms . r , 0 < r < 1 defined via λ r := sup α |d α |r κ|α| defines the Fréchet topology on D(H 0 , K). Restricting to the subfamily p −1 < r < 1, r ∈ p Q these norms are multiplicative and the completions D r (H 0 , K) are K-Banach algebras exhibiting a Fréchet-Stein structure of D(H 0 , K). Choose representatives g 1 , ..., g r for the cosets in G/H and define on
is equipped with the corresponding quotient norms coming from the quotient map
The latter arises as the dual map to the embedding
Passing to the norm completions D r (G, K) yields the appropriate Banach algebras.
We mention another important feature of D(G, K) in case G is additionally a uniform pro-p group G. Each algebra D r (G 0 , K) carries the (separated and exhaustive) norm filtration defined by the additive subgroups 
This is [loc.cit.], Thm. 4.5. For its generalization to the base field L one has to introduce the following technical assumption on a d-dimensional locally Lanalytic group G (cf. [Sch] , §4): 
Note that if G is pro-p and satisfies (L) with suitable bases v i and x j then exp(λ·v i x j ) = exp(v i x j ) λ for all λ ∈ Z extends to Z p -powers and so the elements
are a minimal ordered system of topological generators for G 0 . By [loc.cit.], Cor. 4.4 each locally L-analytic group has a fundamental system of neighbourhoods of the identity consisting of normal uniform subgroups satisfying (L).
This is [Sch] , Prop. 6.10/Cor. 6.12. We sketch its proof. The two-sided ideal I is generated by the kernel of the Lie algebra map L ⊗ Qp g 0 → g i.e. by the Lem. 6.2) . Because (L) holds one may explicitly determine the principal symbols of these generators and then compute the quotient gr˙r D r (G 0 , K)/gr˙r I r ≃ gr˙r D r (G, K). We remark that for general r the analogous statement of the theorem is false.
We turn to another closely related class of Fréchet-Stein algebras. Let G be a locally L-analytic group of dimension d. Let U (g) be the enveloping algebra and let C an 1 (G, K) be the stalk at 1 ∈ G of the sheaf of K-valued locally L-analytic functions on G. It is a topological algebra with augmentation whose underlying locally convex K-vector space is of compact type. Denote by
its strong dual, the hyperenveloping algebra (cf. [P] , §8). The notation reflects that, up to isomorphism, U (g, K) depends only on g. It is a topological algebra with augmentation on a nuclear Fréchet space. There is a canonical algebra embedding U (g) ⊆ U (g, K) with dense image compatible with the augmentations. The formation of C an 1 (G, K) and U (g, K) (as locally convex topological algebras) is functorial in the group and converts direct products into (projectively) completed tensor products over K. From [Ko] , Prop. 1.2.8 we obtain that the topological algebra U (g, K) is canonically isomorphic to the closure of U (g) inside D(G, K). This relation can be made more precise if G has additional structure. 
There are numbers l ij ∈ N depending only on r and p such that the (left or right)
Proof: This is extracted from (the proof of) [Ko] , Thm. 1.4.2.
In [loc.cit.] the noetherian and the flatness property of the family U r (g, K) is immediately deduced from the commutative diagram
for r ′ ≤ r in which the lower horizontal arrow is a flat map between noetherian rings and the vertical arrows are, by the first statement in the theorem, finite free ring extensions. We also remark that the first statement in the theorem in case L = Q p is due to H. Frommer ([F] , 1.4 Lem. 3, Cor. 1/2/3). A careful inspection of its proof implies the following mild generalization: fix numbers 1 ≤ i 0 ≤ n and 1 ≤ j 0 ≤ d and put R < = {b α ∈ R, α ij = 0 for all i > i 0 , j > j 0 } and
Corollary 2.5 In the situation of the theorem one has 
where c r ∈ R >0 depends only on r and p.
Proof: Put ∂ ij := v i x j and as stated ∂ j := x j . We view the nd elements ∂ ij resp. the d elements ∂ j as a Q p -basis of g 0 resp. as an L-basis of g L . The map
occuring in the theorem is a surjective morphism of filtered rings with respect to the norm filtrations. Using the inclusion of filtered rings (
its kernel J r is readily seen to be generated by the nd − d elements v i ∂ 1j − ∂ ij , i = 1 (see above). Moreover, since K is discretely valued and since r ∈ p Q the filtrations involved are quasi-integral (in the sense of [ST5] , §1) whence gr˙r U r (g, K) ≃ gr˙r U r (g 0 , K)/gr˙r J r canonically as gr˙r K-algebras. Now a computation similar as in the case of distribution algebras yields that gr˙r U r (g, K) equals a polynomial ring over gr˙K in the symbols σ(∂ j ) and that the graded map associated to (3) maps σ(∂ 1j ) to σ(∂ j ). This implies that νr is multiplicative , that the topological
is in fact an orthogonal basis with respect to νr and that νr(∂ j ) = ||∂ 1j || r . An easy calculation gives
We shall need a result on the compatibility of two Fréchet-Stein structures.
Lemma 2.7 Let G be a compact locally L-analytic group of dimension d and
There is an open normal subgroup G ′ ⊆ G with the following properties: it is uniform and satisfies (L) with respect to the bases, say x 1 , ..., x d and v 1 , ..., v n . Furthermore, P ′ := P ∩ G ′ is uniform and satisfies (L) with respect to the bases x 1 , ..., x l and v 1 , ..., v n .
Proof: Denote the Lie algebras of G resp. P by g L resp. p L . Denote by G 0 , P 0 the underlying locally Q p -analytic groups. Applying [DDMS] , Prop. 3.9 and Thm. 4.2 to a uniform subgroup of P 0 we see that P contains a uniform subgroup P 1 such that every open normal subgroup of P lying in P 1 is uniform itself. According to [Sch] 
is an L-basis of p L and exp may be viewed an exponential map for P the nl elements exp(v i x j ), i = 1, ..., n, j = 1, ..., l are part of a minimal generating system for G ′ and lie in
these nl elements are a minimal generating system for P ′ . Thus, P ′ satisfies (L) with the required bases. Proof: Apply the preceding lemma to P ⊆ G to find an open normal subgroup G ′ ⊆ G which is uniform and satisfies (L) with respect to bases x j and v i . The nd elements exp(v i x j ) are then topological generators for G ′ where the first nl elements (l := dim L P ) generate the uniform group
with the usual Fréchet-Stein structures and restrict the norms to D(P 0 , K) and D (P, K) . Then [ST6] , Prop. 6.2. yields all statements over Q p . By definition, the quotient map
whence it is easy to see that the restricted norms . r on D(P, K) equal the quotient norms. Hence they realize a Fréchet-Stein structure on D(P, K) and only the last claim remains to be justified. Applying Thm. 2.4 to D(P, K) and D(G, K) we obtain a commutative diagram of K-Banach algebras
in which the vertial arrows are finite free ring extensions. It therefore suffices to see that the upper horizontal arrow is a flat map. The norm on U r (g, K) is equivalent to the quotient norm νr coming via the map
and the same holds mutatis mutandis for U r (p, K). By the same argument as above the norm on U r (p, K) is equivalent to the restriction of νr. By Prop. 2.6 the associated graded map gr˙r U r (p, K) → gr˙r U r (g, K) equals the inclusion of a polynomial ring over gr˙K in l variables into one of d variables whence it is flat. By [ST5] , Prop. 1.2 so is the original map
In case L = Q p this result is precisely [ST6] , Prop. 6.2. The proof of our proposition was simplified by a remark of J. Kohlhaase.
Some Lie algebra cohomology
We briefly recall the definition of Lie algebra cohomology. We compute the cohomology of U (g, K).
Recall the standard complex of free U (g)-modules U (g) ⊗ L˙ g whose differ-ential is given via
Composing with the augmentation U (g) → L yields a finite free resolution of the U (g)-module L. Given a left resp. right g-module V its Lie algebra cohomology
resp. the homology of V ⊗ L˙ g. Now if V ∈ V ec K has a complete locally convex Hausdorff topology with a g-action via continuous K-
can be endowed with the (projective) tensor product topology resp. the strong topology and then the obvious map
yields an isomorphism of complexes of locally convex spaces (cf. [P] , 1.4). If V is additionally of compact type or a nuclear Fréchet space and all differentials in (4) are strict (and so have automatically closed image) then, by Hahn-Banach, (4) induces an isomorphism of locally convex K-vector spaces
Proof: Over the complex numbers this follows from [P] , Thm. 8.6. In our setting the results of section 2 allow a modification of the proof of [ST6] , Prop. 3.1. More precisely, since C an 1 (G, K) is of compact type (i.e. complete and reflexive) the strong dual of U (g, K) ⊗ L˙ g equals the cohomological standard complex for the g-module C an 1 (G, K) according to (4). By [BW] , VII.1.1. this latter complex equals (up to sign) the stalk at the identity of the deRham complex of K-valued global locally-analytic differential forms on the manifold G. By the usual Poincaré lemma the latter is acyclic. Now U (g, K) is nuclear Fréchet-Stein according to Thm. 2.4 whence all U (g, K)-linear maps between coadmissible left U (g, K)-modules are strict ([ST5] , §3). This applies to the differentials in U (g, K) ⊗ L˙ g. Hence, (5) implies that this complex is acyclic precisely if this is true for the strong dual.
Continuous representations and analytic vectors
We recall some definitions and results from continuous representation theory relying on [S] . We introduce the notion of analytic vector and prove some basic properties. As usually G denotes a locally L-analytic group.
A locally analytic G-representation is a barrelled locally convex Hausdorff K-vectorspace V equipped with a G-action via continuous operators such that for all v ∈ V the orbit map
Here C an (G, V ) denotes the space of V -valued locally analytic functions on G equipped with its usual topology. Endowing C an (G, V ) with the left regular action yields C an (G, V ) ∈ Rep K (G) and a G-equivariant embedding
We denote the category whose objects are locally analytic G-representations and whose morphisms are continuous 
Without recalling the definition we denote the abelian category of coadmissible modules by C G . Rep a K (G) is contravariantly equivalent to C G via passage to the strong dual ([loc.cit.] , Thm. 6.3). In particular, any M ∈ C G has a nuclear Fréchet topology. If G is compact C G contains all finitely presented modules. In this case, a V ∈ Rep a K (G) such that V ′ is finitely generated is called strongly admissible.
Now let G be compact and
is noetherian these representations (with continuous G-maps) form an abelian category Ban
) (finitely generated modules) via passing to continuous duals ([loc.cit.], Thm. 3.5). In particular, Ban
The subspace V an ⊆ V consisting of all these vectors has an induced continuous G-action and is endowed with the subspace topology arising from the embedding o :
is faithfully flat. This is [S] , Thm. 4.3.
Proof: This is [S] , Thm. 4.2 and we sketch the proof. On the contravariantly equivalent module categories the functor "base extension" corresponds precisely to the correspondance V → V an . This yields the strong admissibility. Exactness and density then follow from faithful flatness of the map (6).
Given the exactness statement V an ⊆ V being dense is equivalent to the functor being faithful. However, in general, the functor is not full (cf. [E2] , end of §3). Furthermore, if L = Q p , it is generally not exact and can be zero on objects. For example (cf. [E1] , §3) let G = (o L , +) and suppose ψ : G → K is Q p -linear but not L-linear. The two-dimensional representation of G given by the matrix 1 ψ 1 is an extension of the trivial representation by itself but not locally
To study F L we have to introduce yet another functor. Let G be an arbitrary locally L-analytic group and
Denote the space of these vectors, endowed with the subspace topology from V , by V an . Since translation on G is locally L-analytic V an has an induced continuous G-action. In the following we will show that the correspondance V → V an induces a functor
the Lie algebra g acts on V via continuous endomorphisms
Denote its kernel by g 0 . Let (g 0 ) denote the two-sided ideal generated by g 0 inside U (g 0 , K). It is readily seen to be the kernel of the quotient map U (g 0 , K) → U (g, K). 
Proof: This follows from [E1] , Prop. 3.6.19 but we give a proof in the present language. Let us assume that
for all x ∈ g 0 . This amounts to [f ] being annihilated by g 0 which is the case, according to (Lem. 4.3), if and only if f is locally L-analytic at 1 ∈ G i.e. everywhere.
For general V ∈ Rep K (G 0 ) equipping C an (G 0 , K)⊗ K V with the diagonal action (trivial on the second factor) the topological vector space isomorphism
Proposition 4.5 The correspondance V → V an induces a left exact functor
The dual functor equals base extension.
Proof: By the preceding lemma V an ⊆ V is closed and hence of compact type. The strong dual thus lies in 
an (G, V ) carries the topology as closed subspace of F Qp (V ). According to Lem. 4.4 this equals precisely the topology of the right-hand side.
We obtain that, generally, the map
is not flat for L = Q p (but see Thm. 5.5). In view of Lem. 4.4 one may ask whether flatness holds when G is semisimple. This is answered negatively by Cor. 8.7 below.
σ-analytic vectors
In this section G denotes a compact d-dimensional locally L-analytic group. Under the assumption that L/Q p is Galois we will prove a generalization to the two theorems of Schneider-Teitelbaum stated in the preceding section.
So let us assume in this section that L/Q p is Galois. All indices r in this section are assumed to satisfy p −1 < r < 1 and r ∈ p Q . We start with a result on the Fréchet-Stein structure on U (g, K). Given σ ∈ Gal(L/Q p ) let G σ be the scalar restriction of G via σ : L → L. Denote by g σ its Lie algebra. Of course,
There is a commutative diagram of locally convex K-vector spaces
where the horizontal arrows are induced functorially from the diagonal map
Lemma 5.1 The lower horizontal map is bijective.
Proof: We may assume that G admits a global chart φ, that L = K and that dim L G = 1. Using φ and the induced global chart for G σ resp. G 0 we ar-
where the first map depends on a choice of Q p -basis v i of L and the second identification is the obvious one. Tracing through the definitions shows that this map is induced by the
n and hence, is bijective.
Dualizing the diagram we obtain the commutative diagramm of topological algebras
Lemma 5.2 Suppose G is uniform and satisfies (L). For each r the above diagram extends to a commutative diagramm
of Banach algebras where the upper horizontal map is bijective.
Proof: Let ||.|| r be a fixed norm on D(G 0 , K) and let .
(σ) r be the quotient norm on D(G σ , K). Let x j and v i be bases realising (L) for G. In particular x 1 , ..., x d is an L-basis for g and v 1 = 1, ..., v n is an Z p -basis for o L . The elements h ij = exp(v i x j ) are a minimal set of topological generators for G 0 . Putting
α where ||λ|| r = sup α |d α |r κα . Since ∆ is induced from
that ∆ is norm-decreasing with respect to ||.|| r on D(G 0 , K) and the tensor product norm⊗
This yields the commutativity of the diagram.
For bijectivity it suffices to prove that the inverse map
is continuous when both sides are given the norm topologies. Consider the map
By Thm. 2.4 the rings U r (g 0 , K) resp. U r (g σ , K) are certain noncommutative power series rings in the "variables" ∂ ij := v i x j resp. ∂ σ,j := x j . More precisely, U r (g σ , K) consists of all formal series β∈N d 
is norm-decreasing with respect to the tensor product norm⊗
Since this subalgebra is dense in U r ( σ g σ , K) this finishes the proof. We have by definition of the map ∆ that
Hence,
σ |c r ≤ s σ c r ≤ c r using that the ∂ ij are orthogonal and that
σ,d we obtain
using that ||.|| r is multiplicative and that the monomials σ ∂ βσ. σ are an orthogonal basis with respect to⊗
Lemma 5.3 The ring extension
∆ r : D r (G 0 , K) → D r ( σ G σ , K) is finite free.
Proof: We prove only the left version (the right version follows similarly). Suppose H ⊆ G is a normal open subgroup which is uniform and satisfies (L). Endow D(G, K) with the Fréchet-Stein structure induced by D(H, K) as explained in section 2. One obtains a commutative diagramm
Let R be a system of coset representatives for G/H. Choose a system of coset representatives R ′ in σ G σ for coset representatives of the cokernel of the diagonal map G/H −→ σ G σ /H σ . On the group ∆ r equals the diagonal map whence ∆ r (R)R ′ equals a system of coset representatives for σ G σ /H σ and so the vertical arrows in the above diagramm are finite free ring extensions on R resp. ∆ r (R)R ′ . Consider the map of left D r (G 0 , K)-modules
On the level of abelian groups this map factores through
and hence, is bijective. It therefore suffices to establish the claim for H. In other words, we may assume in the following that G is uniform and satisfies (L). We then have a commutative diagramm
where the upper vertical arrow is an isomorphism by Lem. 5.2. Let v 1 , ..., v n resp. X := {x 1 , ...,
Then the nd elements exp(v i x j ) are a minimal set S of topological generators for G. Hence, according to Thm. 2.4, the left vertical arrow is finite free on a basis
α , α ij ≤ l ij for all ij} where the nd numbers l ij depend only on r and p. Now the group σ G σ is uniform and satisfies (L) with v 1 , ..., v n and n = |Gal(L/Q p )| copies of X as bases. In particular, σ S is a minimal set of ordered generators. By basic properties of uniform groups any rearrangement of σ S provides another ordered set of topological generators. Hence we may assume that σ S = {h
The fact that the numbers l ij depend only on r and p together with ∆ r (b ij ) = (h ij , ..., h ij ) − 1 implies that ∆ r (R) = R ′ < . Now a similar argument as above yields the claim: consider the map of left D r (G 0 , K)-modules
On the level of abelian groups it factores through
where the last map is an isomorphism by Cor. 2.5 using that ∆ r (R) = R ′ < . It follows that D r ( σ G σ , K) is a finite sum of copies of D r (G 0 , K) as claimed.
Corollary 5.4 The map ∆ is injective.
Proof: Since all ∆ r are injective and compatible with transition ∆ is injective by left-exactness of the projective limit.
For the rest of this section we assume K/Q p to be finite. Consider the faithfully flat algebra map
. We compose it with ∆ and show
Proof: Put G 0 := σ G σ . We show only left faithful flatness. For flatness we are reduced, by the usual argument, to show that the map
By left exactness of the projective limit we are thus reduced to show that
is flat (the second map by [ST5] , remark 3.2). For faithful flatness we have to show
By the first step we may assume that M is finitely generated. Then
M is coadmissible whence we are reduced, by the equivalence of categories between coadmissible modules and coherent sheafs ([ST5] , Cor. 3.3), to find an index r such that
and the right-hand side is nonzero by faithful flatness of ∆ r .
Each choice σ ∈ Gal(L/Q p ) gives rise to the locally L-analytic manifold K σ arising from restriction of scalars via σ. The space 
Let V σ−an denote the subspace of all these vectors in V .
Consider the Lie algebra map L ⊗ Qp g 0 ≃ σ g σ → g σ −1 . The kernel g 0 σ acts on V whence one deduces as in case σ = id that V σ−an = V g 0 σ , functorial in V and that passage to σ-analytic vectors is a left exact funtor Rep
We consider the base extension functor 
by the above remarks. The map pulls back to a closed and natural embedding V σ −1 −an → F (V ). Over Q p this is of course an isomorphism.
Explicit resolutions and δ-functors
Turning back to a general extension L/Q p (not necessarily Galois) the functors F L Qp and F L defined previously remain interesting in themselves. We begin their study with some general analysis of certain base extension functors between coadmissible modules. G denotes an arbitrary locally L-analytic group.
For the rest of this section we fix an ideal h of L⊗ Qp g 0 stable under L⊗Ad(g) for all g ∈ G where Ad refers to the adjoint action of G. Denote by (h) the two-sided ideal generated by Lemma 6.1 There is a commutative diagramm of functors
Proof: By continuity of the Lie action and since h is Ad-stable 
of topological vector spaces, functorial in V . By local analyticity this extends to an isomorphism of right
Using reflexivity of V the result follows.
We consider the left derived functors Tor
and show that they preserve coadmissibility i.e. that they descend to functors between C G0 and C D . Since it is unclear at present whether C G0 has enough projectives we work with explicit resolutions of the
Consider the base extension of the standard resolution for the
which consists of free and finitely generated left
Proof: Choosing a compact open subgroup H ⊆ G we have h-invariant decompositions
We may therefore assume that G 0 is compact. Then (7) is a complex of coadmissible left D(G 0 , K)-modules whence acyclicity may be tested on coherent sheafs. It thus suffices to see that D r (G 0 , K) ⊗˙ h is exact for a fixed radius
are flat, the first by [ST5] , remark 3.2 and the second by Thm. 2.4. We are thus reduced to show that base extending the standard complex U (h) ⊗ L˙ h to U (g 0 , K) is exact. But this follows from Lem. 3.1 applied to the Lie algebra h and the fact that
) is a free ring extension, hence flat.
Proposition 6.3 The functors Tor
Proof: Let X ∈ C G0 be given. By Lem. 6.2 we have Tor
in V ec K . Using that h is Ad-stable we may endow the complex (7) with a right D(G 0 , K)-module structure as follows. The adjoint action of G 0 on h is locally analytic and extends functorially to a continuous right action on q h given explicitly via (
is dense ∂ respects the right D(G 0 , K)-module structure by continuity. The complex X ⊗ L˙ h is therefore in fact one of right D(G 0 , K)-modules which, by the usual argument with double complexes, makes the isomorphism (8) right D(G 0 , K)-equivariant. Since X is coadmissible and q h is finite dimensional dualising [E1] , Prop. 6.1.5 yields that each right module X ⊗ L q h is coadmissible. Since C G0 is abelian we obtain Tor
For further reference we point out a corollary shown in the previous proof.
Corollary 6.4 The resolution (7) is a complex of D(G 0 , K)-bimodules.
Lemma 6.5 Suppose G is compact. Given X ∈ C G0 the coherent sheaf associated to Tor
Proof: According to [ST5] , Cor. 3.1 the coherent sheaf of Tor
Here, the first isomorphism is natural in X and for the second isomorphism G is assumed to be compact. In particular, these spaces vanish in degrees > dim L h.
Proof:
The first isomorphism and its naturality follows immediately from line
Taking homology yields that Tor
Lemma 6.7 The functors Tor
Proof: Being left derived functors the Tor
is a full embedding (and similarly for G) this δ-functor descends to a δ-functor between C G0 and C D .
Higher analytic vectors
We apply the results of the preceding section to the choice of ideal h := g 0 where, as before,
Proof: We may replace the right upper corner in Lem. 6.1 by Rep a K (G) without changing the statement. Then both vertical arrows are anti-equivalences between abelian categories and therefore exact functors. By direct calculation pulling back the functors Tor
The functors T i can be expressed without referring to coadmissible modules. Endowing V ∈ Rep a K (G 0 ) with the uniquely determined separately continuous left
where the left G-action comes from right multiplication on D(G, K).
Corollary 7.2 There is a natural isomorphism
of admissible G-representations.
Proof: Recall that the standard resolution (7) D(G 0 , K) ⊗ L˙ g 0 of the left module D(G, K) has a strict differential. Taking cohomology on the complex Hom D(G0,K) 
In particular, the Ext group has a natural locally convex topology of compact type. Using Cor. 6.6 as well as (5) we obtain a natural isomorphism in V ec K
By direct computation it is G-equivariant whence passing to the strong dual yields the assertion.
We discuss some consequences and examples. 1. σ-analytic vectors. Assume L/Q p is Galois. Now putting h := g 0 σ in Lem. 6.7 and pulling back to representations yields: for each σ ∈ Gal(L/Q p ) the functor Rep 
is a direct limit of finite dimensional ones W . Since g 0 and thus g 0 are semisimple Lie algebras the first Whitehead lemma together with (5) for * = 1 yields H 1 (g 0 , W ) = 0. Since H 1 (g 0 , .) commutes with direct limits using (5) again we obtain H 1 (g 0 , V ) = 0.
3. Banach space representations. Let G be compact and K/Q p be finite.
where the vertical functors are exact. The map
Denoting by S i the "dual" functor to T i the leftderived functors of the bottom horizontal arrow are therefore S i F 
we may put h := L ⊗ Qp g 0 , apply the results of the preceding section and obtain: passage to smooth vectors Rep
Higher analytic vectors and induction
We study the interaction of passage to (higher) analytic vectors with locally analytic induction. This implies an explicit formula for the higher analytic vectors in principal series representations. As usual G denotes a locally Lanalytic group.
We let P ⊆ G be a closed subgroup with Lie algebra p. Let Ind G P denote the locally analytic induction viewed as a functor from locally L-analytic Prepresentations (W, ρ), finite dimensional over K to admissible G-representations. Explicitly,
and G acts by left translations. One has the isomorphism of right
We assume for the rest of this section that there is a compact open subgroup G ′ ⊆ G such that an "Iwasawa decomposition"
holds.
Proof: Let * = 0. For X = D(G 0 , K) the claim follows from the fact that
The case of arbitrary X follows from this. In general a projective resolution P.
The claim then follows from the case * = 0. Now put P ′ := P ∩ G ′ . Using (10) restriction of functions induces a topological
where the right-hand side has the obvious meaning.
modules in which all four maps are isomorphisms.
Proof: This is a straightforward generalization of [ST6] , Lem. 6.1 using (10).
It follows from (ii) that Ind
Qp extends to a δ-functor (T i ) i≥0 (Thm. 7.1). Assume that we are given a finite dimensional locally Q p -analytic Prepresentation W . We abbreviate in the following
and study the admissible G-representations T i V . The map (9), the inclusion D(P 0 , K) ⊆ D(G 0 , K) and functoriality of with respect to p 0 → g 0 induce a morphism of complexes of right
where P. resp. Q. denote the standard resolutions for the bimodules D(P, K) resp. D(G, K) as referred to in Cor. 6.4. We obtain a map
of right D(G)-modules where we have abbreviated
Lemma 8.3 The map (11) is an isomorphism.
Proof: First note that the right-hand side is a priori coadmissible by Prop. 6.3. We now have bijective maps of right
where the right hand vertical arrow is due to Lem. 8.1 and bijective and the lower horizontal arrow is defined analogously to the upper one. Tracing through the definitions of the maps involved this diagramm commutes. Recalling that V ′ ≃ (Ind 
is an isomorphism. Note that now both sides of our map are coadmissible D(G ′ )-modules: the left hand side is a base extension of a D(P ′ )-module finite dimensional over K (Cor. 6.6). Since G ′ is moreover compact the bijectivity may be tested on coherent sheafs. To do this we realise D(G where the vertical arrows are isomorphisms by Lem. 6.5. Hence the lower horizontal arrow is an isomorphism as well.
Theorem 8.4
The functors T i commute with induction: given a finite dimensional locally Q p -analytic P -representation W one has an isomorphism
as admissible G-representations functorial in W .
Proof: This follows from dualising the isomorphism in the preceding lemma which is, by construction, functorial in W .
The functor Ind 
The above results apply in particular when G equals the L-points of a connected reductive group over L and P ⊆ G is a parabolic subgroup. If W is a one dimensional P -representation K χ given by a locally Q p -analytic character χ : P → K × we may determine the vector space T i K χ completely. For simplicity we assume that G is quasi-split and let P := B be a Borel subgroup with Lie algebra b. Then b = tu (semidirect product) where t is a maximal 
Corollary 8.6
There is an isomorphism in V ec K
Proof: By Cor. 6.6 we have that
The algebras b 0 resp. t 0 resp. u 0 are direct products of scalar extensions of b resp. t resp. u. In particular, t 0 ⊆ b 0 is a reductive subalgebra whence [HS] , Thm. 12 implies that there is an isomorphism 
